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Income Inequality by Country 2026
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Figure 1: Income inequality by country 2026. Gini Coefficient. (Data from World Population
Review (2026)).
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Figure 2: Income per person and consumption per household by autonomous communlty (data
from INE (2026)).
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o Y4 Equivalised income in the d* Autonomous Community (AC) in the ¢t year.
@ D and T: Total number of AC and total number of years.
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i — 72)’dth7 d=1,....,.D,t=1,..., T.
th 1

Y 4:: Equivalised income in the d*" Autonomous Community (AC) in the t* year.

D and T: Total number of AC and total number of years.

Nye: Population size in the d*" AC in the t year.

Ydt.n: Equivalised income of household to which individual h belongs in domain d
and year t.
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i — 72)’dth7 d=1,....,.D,t=1,..., T.
th 1

Y 4:: Equivalised income in the d* Autonomous Community (AC) in the t* year.

D and T: Total number of AC and total number of years.

Nge: Population size in the d" AC in the tt/ year.

Ydt,n: Equivalised income of household to which individual h belongs in domain d
and year t.
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@ Domain sample size: ng;
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@ Domain sample size: ng;

@ A Hajek direct estimator of Y is:

~ dir e | o
N ir _
Yar = Y = W E Wdt,hYdt,h, Ng:" = § Wdt,h, d=1,....,D,t=1,...,T.
dt h=1 h=1
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Sampling

@ Domain sample size: ng;

@ A Hajek direct estimator of Y is:
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where the wy;  are the elevation factors and ngy; is the survey sample size.
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The World Bank Group works to end poverty in several ways:

« Funding projects that can have transformational impacts on
communities.

+ Collecting and analyzing the critical data and evidence needed to

target these programs to reach the poorest and most vulnerable.
THE WORLD BANK

IBRD - IDA

« Helping governments create more inclusive, effective policies that can
benefit entire populations and lay the groundwork for prosperity for
future generations.

Figure 3: Strategy to end poverty (The World Bank, 2023).
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A multidisciplinary branch of statistics that aims to produce precise estimates of variables
of interest in domains or areas with small or no sample size to apply traditional inferential
methods that are efficient under asymptotic conditions.
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A multidisciplinary branch of statistics that aims to produce precise estimates of variables
of interest in domains or areas with small or no sample size to apply traditional inferential
methods that are efficient under asymptotic conditions.

Formal Framework of the SAE Problem

Let:
e U={1,..., N} be a finite population.
@ Partitioned into D disjoint domains Uy, ..., Up.

@ Domain sizes Ny, ..., Np.
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A multidisciplinary branch of statistics that aims to produce precise estimates of variables
of interest in domains or areas with small or no sample size to apply traditional inferential
methods that are efficient under asymptotic conditions.

@ Domain: a geographical, socio-demographic or other grouping with few available
observations of an event of interest.

@ It is strongly recommended to consult

o Fundamental works by Fay and Herriot (1979) and Battese et al. (1988).
e Reviews by Pfeffermann (2013) and Jiang and Rao (2020).
e Monographs by Rao and Molina (2015) and Morales et al. (2021).
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Random-intercept model

(Fay and Herriot, 1979)

yd = (Bo + uod) + Pixd + €4
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Figure 4: Income trends by area, sex and unemployment registration (data from Morales et al.
(2021)).



Random Slope Models

Random-intercept model

vd = (Bo + uog) + Pixd + €4

Random slope model:

Yd = (Bo + tod) + (1 + U1d) X4 + €q

with area-specific random effects:
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Year Reference Contribution
1981 Dempster Random slope MMs defined in SAE
1990 Prasad and Rao EBLUP and analytical MSE for

random slope models
2013 Hobza and Morales Recent LMM extensions in SAE
2021 Morales et al. Further LMM developments
2023 Anjoy and Chandra; May et Bayesian spatio-temporal random

al.

slopes

Research gap

Despite clear empirical evidence, random slopes have not been extended to complex
indicators (poverty, income rates) under normal and non-normal distributions.
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To estimate and map the equivalised disposable income in Spain by province,
sex and year (2013-2022) using random slopes Fay-Herriot models for small area
estimation.
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Methodology



Two-fold Fay-Herriot: Motivation

The Starting Point: Two-fold FH

Esteban et al. (2012)
@ Structure: Nested domains.
@ Limitation: Parallel regression lines.

Ydt = Wdt + €Edt,
fdt = XgtB + U1, g + Up gt
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The Starting Point: Two-fold FH

Esteban et al. (2012)
@ Structure: Nested domains.

@ Limitation: Parallel regression lines.

Ydt = Hdt + €dt,
Hde = Xgtf3 + U1,q + U2 gt-

Random regression coefficients and time effects two-fold Fay-Herriot

(RRCFH2T) model
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Sampling Model

Ydt = Hdt + €dt; edtNN(O) O-gdt)u d:17"')D7 t:17 )T
Linking Model with Random Slopes + AR(1)
Pdt = X14tB1 + X1,deUtd  + X2.4:85 + up dt
——— ~——

Random coefficients (domain)  Fixed only ~ AR(1) time effect

@ uy g~ Np(0,Viq4): domain-level random slopes (province/sex).
@ up 4~ N7 (0, 03 Q4(p2)): AR(1)-correlated time effects within domain d.

2 . . .
@ o0, known sampling variances.

</> New R Package: slopeSAE
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Random slopes covariance Time covariance within domain d

Vig =

Vie = (01,5)ij=1,....;

2
o71 01,101,201,12
01,201,1P1,12 a2,

01,p01,1P1,1p  01,p01,201,2p

Vag = 05 Qa(p2)

T-1
01,101,pP1,1p 1 P2 Py
01,201,pP1,2p .
1 P2 1
Qq = >
5 1-p; . . . 5
- : . .
1,p T-1
P2 e P2 1/ rxr
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Matrix Representation: y = X3 + Zu + e seoiguy s
Design matrices: Covariance structure: %\.‘ﬁ

e X = cgl(Xd), Xa = (X1,d, X2.d) oV, = disig( Vi)

e Z, = dijg(zld)v Zig = C?I(Xl,dt) oV, = dijmg(agﬂd(pz))

@ Z, =1y, M=DT oV, = dcilatg(ogdt) (known)

Total variance-covariance (domain level)

V= Var(yd) =214 Vlefld F U’%Qd + Ve

Population level

V =var(y) = Z; V127 + Vo + V. = diag(Vy)
d
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If V14, 03, py are known, the BLUP of jig; is figr = Xl,dt,Bl + x2,dt,32 + X1,dell1g + Uo,g¢, Where

-1
= (Z X vglxd> (Z X, vglyd>
d d

B cgl(Vldzlld Vil (va — XaB))
- a%c((j)l(ﬂd Vil(ys — XaB))

)

EBLUP (plug-in REML estimates V14, 62, o)

~

B=xXV X)XV 'y,  a=v,ZV (y—XB)

frar = X1,d¢81 + X2,dtBo + X1,dell1g + b gt
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o Analytic MSE (mse,): Prasad and Rao (1990) decomposition adapted for the
RRCFH2T structure under REML:

MSE(Mdt) Al(
msef,‘t g1(0)

We define three MSE estimators of the EBLUP [i4;:

6) + &
+ £2(0) + 2g3(0)

o Parametric Bootstrap (mse/?): Gonzilez-Manteiga et al. (2008), adapted to
account for the AR(1) structure in the bootstrap data generation.

e Bias-corrected Bootstrap (msej[): Erciulescu and Fuller (2013) correction
applied to reduce bootstrap bias in the MSE estimate.
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Simulations
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Estimators unbiased and pre-
cise.

Key Finding

1 Parameter estimators (R)Bias and (R)RMSE of 6 via REML

Practically unbiased and
RRMSE < 5%.

RRCFH2T with different V14 struc- Robust. Best with random

2 Predictor behaviour (R)Bias and (R)RMSE of EBLUP

3 Sensitivity analysis

tures slopes and AR(1).
BN MSE estimators A vs. PB vs. EF Analytic MSE estimator best
choice.
Random-effects with skew-normal dis= EBLUP and analytic MSE
5 Robustness

tributions show robustness.
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Key Finding

Estimators unbiased and pre-

1 Parameter estimators (R)Bias and (R)RMSE of 6 via REML cise

Practically unbiased and

2 Predictor behaviour (R)Bias and (R)RMSE of EBLUP RRMSE < 5%.
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Key Finding

Estimators unbiased and pre-

1 Parameter estimators (R)Bias and (R)RMSE of 6 via REML cise

Practically unbiased and
RRMSE < 5%.

RRCFH2T with different V14 struc- Robust. Best with random
tures slopes and AR(1).

2 Predictor behaviour (R)Bias and (R)RMSE of EBLUP

3 Sensitivity analysis



Simulation Studies — Overview

5th ISI

REGIONAL STATISTICS

CONFERENCE
3

Key Finding

1 Parameter estimators
2 Predictor behaviour
3 Sensitivity analysis

4 MSE estimators

(R)Bias and (R)RMSE of 6 via REML

(R)Bias and (R)RMSE of EBLUP

RRCFH2T with different V4 struc-
tures

A vs. PB vs. EF

Estimators unbiased and pre-
cise.

Practically unbiased and
RRMSE < 5%.

Robust. Best with random
slopes and AR(1).

Analytic MSE estimator best
choice.
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Estimators unbiased and pre-
cise.

Key Finding

1 Parameter estimators (R)Bias and (R)RMSE of 6 via REML

Practically unbiased and
RRMSE < 5%.

RRCFH2T with different V14 struc- Robust. Best with random

2 Predictor behaviour (R)Bias and (R)RMSE of EBLUP

3 Sensitivity analysis

tures slopes and AR(1).
BN MSE estimators A vs. PB vs. EF Analytic MSE estimator best
choice.
Random-effects with skew-normal dis= EBLUP and analytic MSE
5 Robustness

tributions show robustness.
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Application to real data
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RRCFH2T Model. REML Estimation

Pde = B1,1X1,de1 + B2,1%0,de1 + B2,2X0 dt2 + 523X, d¢3 + X1, de1U1,d1 + U2,dt-

Table 2: REML estimates and asymptotic 95 % confidence intervals.
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p2
0.797
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B2,2
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2.046 0.500 0.341

22.042 | 8200 J ~13.819] “6.489 | 5.000 J 0.432 | 0.880

0.963

25.522 9.875 —9.149 10.932 15.501 0.522
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RRCFH2T Model. REML Estimation

Pde = B1,1X1,de1 + B2,1%0,de1 + B2,2X0 dt2 + 523X, d¢3 + X1, de1U1,d1 + U2,dt-

Table 2: REML estimates and asymptotic 95 % confidence intervals.

p2

523 52
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RRCFH2T Model. REML Estimation
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RRCFH2T Model. REML Estimation

Pde = B1,1X1,de1 + B2,1%0,de1 + B2,2X0 dt2 + 523X, d¢3 + X1, de1U1,d1 + U2,dt-

Table 2: REML estimates and asymptotic 95 % confidence intervals.
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Figure 5: RMSE comparison between the EBLUP and the direct estimator (DIR).
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Figures for 2013 (in thousands of euros)
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Figure 6: Estimated equivalised disposable income by province in Spain for 2013-2022.
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Figure 7: Blue indicates a higher-than-average income return to tertiary education. Red indicates
a negative return.
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Figure 8: Annual growth in estimated equivalent disposable income by sex, highlighting the
impact of the COVID-19 pandemic.
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Research transfer



Publishing our research in Open Access mode ‘;LJS:CI
=

All the methodology and results illustrated in this presentation are reported in a paper
under second review.
Random regression coefficients time two-fold Fay-

Herriot models for small area income estimation’

Diz-Rosales, N., Lombardia, M.J., and

Morales, D. (2025).Random regression coef- _—
ficients two-fold Fay—Herriot time models for :
small area income estimation.

() NDiz-Rosales/SmallArea-RandomSlopes


[https://github.com/NDiz-Rosales/SmallArea-RandomSlopes](https://github.com/NDiz-Rosales/SmallArea-RandomSlopes)
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Conclusions and Future work



5th ISI

Conclusions REGIONAL STATISTICS

CONFERENCE
3

@ We propose the RRCFH2T model, which integrates two-fold structures, random
slopes, and AR(1) temporal dependence into the Fay-Herriot framework for the first
time.
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@ We propose the RRCFH2T model, which integrates two-fold structures, random
slopes, and AR(1) temporal dependence into the Fay-Herriot framework for the first
time.

@ The proposed EBLUP estimator outperforms classical models in terms of accuracy
and stability, especially in domains with small sample sizes.
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@ We propose the RRCFH2T model, which integrates two-fold structures, random

slopes, and AR(1) temporal dependence into the Fay-Herriot framework for the first
time.

@ The proposed EBLUP estimator outperforms classical models in terms of accuracy
and stability, especially in domains with small sample sizes.

@ The analytical MSE estimator turns out to be the most balanced option, offering
high precision with a significantly lower computational cost than bootstrap methods.
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@ We propose the RRCFH2T model, which integrates two-fold structures, random
slopes, and AR(1) temporal dependence into the Fay-Herriot framework for the first
time.

@ The proposed EBLUP estimator outperforms classical models in terms of accuracy
and stability, especially in domains with small sample sizes.

@ The analytical MSE estimator turns out to be the most balanced option, offering
high precision with a significantly lower computational cost than bootstrap methods.

@ The application confirms a persistent territorial and gender gap in income, which
has been exacerbated by the COVID-19 pandemic.



5th ISI

Futu re Work REGIONAL STATISTICS

CONFERENCE
3

@ Higher-order AR structures
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@ Higher-order AR structures

@ Time-varying random slopes
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@ Higher-order AR structures
@ Time-varying random slopes

e Variance smoothing (GVF)
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@ Higher-order AR structures
@ Time-varying random slopes
e Variance smoothing (GVF)

@ Measurement error in covariates
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