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ABSTRACT

Fuzzy data modelling is very appealing, notably when data is obtained from linguistic questionnaires. In
this context, methods of fuzzy statistical analysis are needed. In recent years, we have developed several
fuzzy inference methods to estimate the mean of a distribution. We can mention the fuzzy anova ap-
proach called FANOVA, a test based on fuzzy bootstrapped distributions, procedures using fuzzy confidence
intervals, and fuzzy regression methods. Proper decision rules have been formulated. Using data from
the Health, Ageing and Retirement in Europe (SHARE) survey, we demonstrate how to model the data
in a fuzzy sense. Then, we delve into the concepts of the fuzzy inference methods and comment on their
implementation. Finally, we proceed to test the mean of the distribution and treat the special case of
testing the equality of means of different groups. The results are compared, highlighting the advantages
and limitations of the inference procedures. We are particularly interested in Self-Perceived Health.

Keywords: Fuzzy Statistics, Fuzzy Confidence Intervals, Fuzzy regression, Testing equality of means,
SHARE Data, Package R FuzzySTs

1. Introduction and motivation

It is common sense to say that classical statistical analysis deals essentially with crisp data.
However, there are many examples where the data, whether naturally or due to the collection
process, are full of imprecision and vagueness. A fuzzy statistical approach is necessary in this
case. Over the decades, concepts of fuzzy logic have been applied to develop fuzzy statistical
analysis. Nevertheless, despite new fascinating developments, proper inferential tools are not
straightforwardly used and are somehow limited.

In this study, we aim to test the equality of means of a particular variable of interest in the
context of fuzzy data. We have already proposed some approaches and tools. For example, we
advocated the use of fuzzy intervals in (Berkachy and Donzé (2022)), in which we demonstrated
how to produce such intervals using the so-called likelihood ratio technique. The challenge
was particularly to determine the distribution of the ratio, and to achieve this, we employed
the bootstrap technique. In Berkachy (2021) and Berkachy and Donzé (2020a) we used these
intervals to test hypotheses related to the fuzzy mean of a distribution, and in Berkachy and
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Donzé (2022) and Donzé and Berkachy (2023) we implemented it to test the equality of means of
two groups, and especially, we provided a practical decision rule, based on overlapping surfaces
of the fuzzy confidence intervals related to two particular groups of fuzzy observations. On
the other hand, by constructing the distribution of a statistic for testing a parameter using a
bootstrap technique, we were able to generate fuzzy confidence intervals, provide new rules of
decision, and a fuzzy p-value as well (See Rosset and Donzé (2024, 2025b)).

In the following sections, we provide a brief review of how to construct fuzzy confidence
intervals and apply them to test a parameter of interest, such as the mean of a distribution.
We also discuss how to estimate a fuzzy regression model (Rosset and Donzé (2023, 2025a)),
which provides an alternative method for testing the mean of a specific group. Decision rules
are explained. We illustrate these concepts with an empirical application. Using data from the
well-known survey of Health, Ageing and Retirement in Europe, we test the hypotheses that the
self-perceived health is equal between Switzerland and its neighbouring countries. This paper
uses data from the generated easySHARE data set (Börsch-Supan and S. Gruber (2022)). See
Stefan Gruber, Hunkler, and Stuck (2014) for methodological details. 1

2. Fuzzy confidence intervals

2.1 Notation

Let x̃ be a fuzzy number with µx̃(·) its membership function. We denote the α-cuts of x̃
by x̃α or by its equivalent in interval form by [x̃Lα, x̃

R
α ]. Triangular or trapezoidal fuzzy numbers

are written by x̃ = (p, q, r) respectively by x̃ = (p, q, r, s), with p ≤ q ≤ r ≤ s ∈ R.

2.2 Fuzzy confidence intervals

The bounds of confidence intervals are functions of a random sample. Let be X1, . . . , Xn, a
random sample with its corresponding fuzzy perception X̃1, . . . , X̃n (in an epistemic approach).
Fuzzy realisations are written as x̃i, i = 1, . . . , n and the fuzzy random sample by X̃ . Let us
suppose that the distribution of Xi depends on a parameter θ about which we intend to do
inferences like H0 : θ = θ0 against H1 : θ ̸= θ0, where the data is fuzzy. The hypotheses can also
be fuzzy. Our approach is to construct a fuzzy confidence interval for θ at a significance level δ.
Kruse and Meyer (1987) give us a formal definition of such a confidence interval. We propose to
construct fuzzy intervals using either a likelihood ratio method or directly by bootstrapping the
distribution of the test statistic. Let us first recall what a two-sided fuzzy confidence interval Π̃
for θ is.

Definition 2.1 (Fuzzy confidence interval (Kruse and Meyer (1987))).
Let [π1, π2] be a symmetrical confidence interval for θ at the significance level δ. A fuzzy

confidence interval Π̃ is a convex and normal fuzzy set such that its left and right α-cuts,
respectively written by Π̃α = [Π̃L

α , Π̃
R
α ], are written in the following manner:

Π̃L
α = inf

{
a ∈ R : ∃xi ∈ (X̃i)α,∀i = 1, . . . , n, such thatπ1(x1, . . . , xn) ≤ a

}
,

Π̃R
α = sup

{
a ∈ R : ∃xi ∈ (X̃i)α, ∀i = 1, . . . , n, such thatπ2(x1, . . . , xn) ≥ a

}
.

By applying the concept of likelihood ratio, Berkachy and Donzé (2020a, 2022) generalised
1The easySHARE release 8.8.0 is based on SHARE Waves 1, 2, 3, 4, 5, 6, 7 and 8
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the traditional construction procedure of fuzzy confidence intervals. The procedure is described
in detail in Berkachy and Donzé (2022). It can be easily shown that the constructed interval
fulfils the inequality:

(1) P
(
(Π̃LR)

L
α ≤ θ ≤ (Π̃LR)

R
α

)
≥ 1− δ, ∀α ∈ [0; 1].

The ad hoc procedure we proposed guarantees the condition (1) (see Berkachy and Donzé (2022)).
The R package FuzzySTs (Berkachy and Donzé (2020b)) provides the necessary functions to
estimate the fuzzy confidence interval Π̃LR by the likelihood ratio approach.

On the other hand, as mentioned above, we also propose to construct a confidence interval
by bootstrapping the distribution of the fuzzy test statistic t̃ for the fuzzy parameter θ̃. By
bootstrap, one can easily generate B new fuzzy parameters t̃∗1, . . . , t̃∗B, given us an estimated
empirical fuzzy distribution ˆ̃F with the B new estimates plus the original one (’augmented
distribution’). The left and right parts of a fuzzy confidence interval at level (1 − δ) can be
written as:

π̂L,α
δ/2 = tL,α − (t∗L,α(B+1)(1−δ/2) − tL,α) = 2tL,α − t∗L,α(B+1)(1−δ/2)(2)

π̂R,α
1−δ/2 = tR,α − (t∗R,α

(B+1)(δ/2) − tR,α) = 2tR,α − t∗R,α
(B+1)(δ/2)(3)

where t∗L,α(B+1)(1−δ/2) is the (1 − δ/2)-quantile and t∗R,α
(B+1)(δ/2) is the δ/2-quantile of the boot-

strapped distribution. The index (B + 1) denotes the use of the augmented distribution. The
bootstrapped fuzzy confidence interval at level (1 − δ) is then given by ⊓̃α

= [⊓L,α,⊓R,α] =

[π̂L,α
δ/2 , π̂

R,α
1−δ/2].

The use of a quantile function, derived from the bootstrapped distribution, makes it pos-
sible to find the bounds of the interval, too. Rosset and Donzé 2025b shows how to do this.
Finally, remark that the bootstrapped fuzzy confidence interval as described above fulfils the
definition (2.1) of a fuzzy confidence interval and condition (1) (see Rosset and Donzé 2025b for
a proof).

3. Testing equality of means

We are attempting to test, for a variable of interest, the equality of means across different
groups in the case of fuzzy data. For two groups, the test can be expressed as:

H0 : µ1 = µ2 against H1 : µ1 ̸= µ2,

where H0 and H1 denote respectively the null hypothesis and the alternative one, and µ1 and
µ2 are the means of the groups 1 and 2, respectively. This test could be obviously rewritten as a
difference of means equal to zero. In a fuzzy context, the difference between two fuzzy statistics
is not straightforward to compute and can raise many problems. A second major point to note
is that the distribution of the fuzzy difference is likely unknown, and assuming a particular one,
which may be valid for crisp data, is no longer tenable. Therefore, we propose overcoming these
difficulties through the following methods.



3.1 Confidence intervals: Method 1

We construct a fuzzy confidence interval at a confidence level of (1 − δ) for the mean of
each group being tested using the likelihood ratio, as described above. Let Π̃LR1 and Π̃LR2

be such intervals. We inspect the overlap of the intervals to see if the means are potentially
equal or not. In the case of perfect overlap, we pretend that there is no difference between the
means. The metric dθ

∗
SGD known as Balanced Signed Distance (see Berkachy and Donzé (2024))

permits us to measure the distance between the two fuzzy sets Π̃LR1 and Π̃LR2 . An optimal
distance dθ

∗
SGD(Π̃LR1 , Π̃LR2)opt between two fuzzy sets can also be found (see Berkachy (2020)).

The following statistic is helpful to make a decision:

Definition 2.2 (Overlapping Fuzzy Intervals Measure (OFIM) ). An Overlapping Fuzzy Inter-
vals Measure is given by:

R = min

(
dθ

∗
SGD(Π̃LR1 , Π̃LR2)

dθ
∗

SGD(Π̃LR1 , Π̃LR2)opt
, 1

)
with R ∈ [0; 1] by construction.

Using the OFIM, one can formulate the following decision rule:

• The closer the R measure is to the value 0, the stronger we do not reject the null hypothesis
H0;

• The closer the R measure is to the value 1, the stronger we reject the null hypothesis H1.

Note that our empirical experiences show us that already relatively small values of R, i.e.
0.05, suffice to reject the null hypothesis.

3.2 Confidence intervals: Method 2

Based on the two fuzzy statistics noted ϕ̃rej and ϕ̃acc, and defined as ϕ̃rej : (F∗
c(R))n →

[0, 1], ϕ̃acc : (F∗
c(R))n → [0, 1], Rosset and Donzé (2024) proposed a set of new inference rules to

test parameters. The fuzzy tests are valid in case of fuzzy data and/or fuzzy hypotheses. The
functions ϕ̃rej and ϕ̃acc express respectively the degree of rejecting the null hypothesis H̃0 and
the degree of accepting H̃0. These functions are fuzzy tests in the sense of Kruse and Meyer
1987:

Definition 2.3 (Fuzzy Test).
Consider a fuzzy random vector X̃1, ..., X̃n related to the original X1, ..., Xn in the space

Ω. Let δ be a particular value of the interval [0, 1]. A function ϕ̃ is called a fuzzy test for the
null hypothesis H0 against the alternative H1 at significance level δ if

(4) sup
α∈[0,1]

PH0

{
ωi ∈ Ω, i = 1, . . . , n : ϕ̃α

(
X̃1(ω1), ..., X̃n(ωn)

)
∈ {1}

}
≤ δ

where ϕ̃α is the α-cut of ϕ̃ and PH0 means that the probability is evaluated under the condition
of the null hypothesis, i.e. ϕ̃ is constructed to test H0.

One can find in Rosset and Donzé (2024) the details of the functions ϕ̃rej and ϕ̃acc and the
proof that they are fuzzy tests in the sense defined in (4). The idea behind these functions is to



verify if the fuzzy hypothesis belongs to a fuzzy confidence interval at a confidence level (1− δ)

for the parameter.
Rosset and Donzé (2024) proposed the following decision rules:

Definition 2.4 (Decision rules).
Let be

(5) Lrej =

∫
[0,1]

ϕ̃rej,αdα and Lacc =

∫
[0,1]

ϕ̃acc,αdα.

The quantities Lrej and Lacc are referred to as the levels of rejection and levels of acceptance
(i.e., non-rejection) of the fuzzy null hypothesis H̃0, respectively.

1. If Lrej = 1, the null hypothesis H̃0 is fully rejected. In this case, Lacc = 0;

2. If Lrej = 0, the null hypothesis H̃0 is not rejected at all. In this case, Lacc = 1;

3. If 0 < Lrej < 1, the value of Lrej indicates the degree to which H̃0 is rejected. The larger
Lrej is, the stronger the evidence against H̃0;

4. If 0 < Lacc < 1, the value of Lacc indicates the degree to which H̃0 is not rejected. The
larger Lacc is, the stronger the support for not rejecting H̃0;

5. If Lrej > Lacc, the decision tends toward rejection of H̃0;

6. If Lrej < Lacc, the decision tends toward non-rejection of H̃0;

7. If Lrej = Lacc, the test result is inconclusive, and no decision can be made.

3.3 Fuzzy regression

Another idea to test the difference of means is to postulate a regression model where the
dependent variable is regressed on an intercept and dummies expressing the different groups
considered. In the case of fuzzy data, the dependent variable will be fuzzy and this oblige us to
consider the regression model as a fuzzy one:

(6) ỹi = β̃1 ⊕ β̃2D
2
i ⊕ . . .⊕ β̃KDK

i , i = 1, . . . , n

where ỹ is the fuzzy dependent variable, D2, . . . , DK are the dummies and β̃k, k = 1, . . . ,K, are
the fuzzy coefficients to be estimated. Rosset and Donzé (2023) explain how to estimate such a
model. One has to remark that the precedent inference methods described above permit us to
test these coefficients.

Let us finally remark that the regression model (6) typically performs an ANOVA. On
this point, one should notice the developments made in Berkachy (2020), Berkachy and Donzé
(2018a,b), and Donzé and Berkachy (2019) concerning the Fuzzy ANOVA.



4. Empirical analysis

4.1 SHARE Data and variables

The long-term panel coming from the SHARE Project gives us the raw data of our empirical
application. Recall that this data concerns the health of people all over Europe aged 50 or more.
As our analysis is purely illustrative, it will be based on the data from the generated easySHARE
data set, wave 8 corresponding to the years 2019–2020. We will restrict ourselves to estimate
the mean of the variable sphus, i.e. Self-Perceived Health, for Switzerland and its neighbouring
countries, i.e. France, Germany, Italy and Austria, and test the differences. Table 1 gives the
description of the variable. It is the actual individual perception of his or her own state of health.
The numbers of observations of our dataset, i.e. sphus, by countries and categories, is given in
Table 3 and Figure 1 gives the distribution of the crisp data by countries.

4.2 Fuzzy modelling

The variable sphus is a so-called linguistic variable. It is coded on a Likert scale going
from 1 (Poor) to 5 (Excellent). Notice that we reorder the levels in reverse order compared to
the one originally provided by the SHARE project.The coding reveals a natural imprecision in
the data, making it fuzzy. To take into account this particularity, we model this fuzziness by
specifying ad hoc membership functions for the values of the variable. With triangular fuzzy
numbers, the modelling is straightforward. Table 2 summarises our choices.

4.3 Results

Let us begin our analysis by constructing fuzzy intervals at a 95% confidence level for the
mean of sphus. These intervals, obtained by the likelihood ratio method, are given in Table 4
and represented in Figure 2. It is obvious that the intervals are different, showing in comparison
to Switzerland lower values for the other countries. The measure OFIM given in Table 5 is 0.19,
0.26, 0.20, 0.21 for CH-AU, CH-IT, CH-FR and CH-GE, respectively, confirming the difference
of means between Switzerland and Austria, Italy, France and Germany. We tend therefore to
reject the hypothesis of equality of means for all cases. The Fuzzy ANOVA given in Table 6
confirms that we strongly reject the null hypothesis in all cases.

Let us now treat the problem by a regression approach. Suppose first that the variable
sphus is crisp and we run consequently a traditional linear regression. The model has the
Intercept and four dummies for the Switzerland’s neighbour countries. The output is shown in
Table 7. The intercept of 3.2283 gives us the mean of the variable sphus. All dummy coefficients
are negative and highly significant. The difference in means between Switzerland and the other
countries is therefore highly significant and the negative value signals us a degree of self-perceived
satisfaction lower for the neighbour countries.

Let us reestimate the regression model with a fuzzy sphus as dependent variable. The
results of the fuzzy regression estimation are provided in Table 8, where we can find the fuzzy
estimated coefficients. Reading the table, we observe a same pattern as in crisp case. For
inference purposes, we produced fuzzy bootstrapped distributions of the parameters. Figures 3
and 4 represent the fuzzy empirical bootstrapped distribution of the Intercept and the coefficient
of the dummy for the Austria. A simple look of these distributions shows us evidently that
the Austria’s mean of sphus is lower and significantly different of Switzerland. In other words,
the difference in mean given by the coefficient of the dummy is obviously different from zero.
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Same conclusions can be tenable for Italy, Germany, and France. We produced fuzzy confidence
intervals at 95% by the bootstrapped method for the regression coefficients of the dummies.
They are shown in Table 9. These intervals give us the possibility to test the coefficients. We
show immediately that 0 is not in the confidence intervals and therefore that the coefficients
are significantly different from zero. We produced also fuzzy p-values, which confirm the high
significance of our coefficients.

As shown by this simple analysis, we can infer on the basis of the SHARE Survey, wave 8,
taking into account the high imprecision and fuzziness of the data, that Switzerland differs from
its neighbouring countries in the perception of self-perceived health.

5. Conclusion

Fuzzy confidence intervals are essential in fuzzy statistical inferences. We used two ap-
proaches to build them. On one hand, we based the construction of the interval on the likelihood
ratio, for which we bootstrapped the distribution. On the other hand, we construct for a pa-
rameter of interest or a test statistic a bootstrapped distribution. Adequate decision rules can
be formulated. Both approaches are effective.

In an empirical analysis, treating the self-peceived health (sphus) as fuzzy, we could suc-
cessfully used the methods to test the difference in means between Switzerland and its neigh-
bouring countries.

These inferential methods are promising steps towards a more generalised and accepted
way to fuzzy inference statistics.
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Figure 1: Distribution of the crisp data by countries (sphus)
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Figure 2: Fuzzy confidence intervals for the mean at 95% by the likelihood ratio method (sphus)



Figure 3: Bootstrapped fuzzy empirical distribution for the Intercept given in Table (8)

Figure 4: Bootstrapped fuzzy empirical distribution for the Dummy Austria given in Table (8)

Tables

Variables Description
sphus Self-perceived health (US version) (On a scale of

1 to 5; 1: Poor; 5: Excellent)
Austria Binary variable: 1 if Austria, 0 otherwise
Germany Binary variable: 1 if Germany, 0 otherwise
France Binary variable: 1 if France, 0 otherwise
Italy Binary variable: 1 if Italy, 0 otherwise

Table 1: Variables



Values µX̃

1: Poor (0,1,2)
2: Fair (1,2,3)
3: Good (2,3,4)
4: Very good (3,4,5)
5: Excellent (4,5,6)

Table 2: Triangular symmetrical membership functions

Poor Fair Good Very Good Excellent Sum
Switzerland 13 66 154 94 41 368

Austria 30 90 110 64 19 313

Germany 47 183 237 93 32 592

Italy 36 163 143 62 20 424

France 53 128 203 73 35 492

Sum 179 630 847 386 147 2189

Table 3: Number of observations by countries and categories (sphus)

Support lower Core lower Core upper Support upper
Austria 1.843995 2.777226 2.916458 3.849693
Germany 1.795948 2.745816 2.849466 3.799571
Italy 1.684424 2.627648 2.746308 3.689762
France 1.813360 2.758922 2.871620 3.817297
Switzerland 2.226074 3.165013 3.291565 4.230508
ALL 1.858924 2.844203 2.874839 3.860353

Table 4: Support and core sets of the fuzzy confidence intervals at 95% by the likelihood ratio method
for the mean (sphus)

Comparison dθ
∗

SGD dθ
∗

SGD opt R
CH-AU 0.3814422 2.005060 0.1902398
CH-IT 0.5411680 2.004856 0.2699286
CH-FR 0.4129552 2.004178 0.2060472
CH-GE 0.4305178 2.004013 0.2148279

Table 5: Distances between FCIs (by likelihood method), and R statistics (sphus)

Df Sum Sq Mean Sq F value Pr(>F)
CH-AU 1 24.63185 24.63185 23.91117 0
CH-IT 1 57.86169 57.86169 59.82244 0
CH-FR 1 35.94824 35.94824 34.53949 0
CH-GE 1 42.14824 42.14824 43.67543 0

Table 6: Fuzzy ANOVA for different pairwise countries as factor (sphus)



Estimate Std. Error t value Pr(>|t|)
(Intercept) 3.2283 0.0524 61.5552 0

countriesAustria −0.3816 0.0774 −4.9331 0

countriesGermany −0.4310 0.0668 −6.4530 0

countriesItaly −0.5419 0.0717 −7.5608 0

countriesFrance −0.4132 0.0693 −5.9595 0

Table 7: OLS estimation (Dependent variable: crisp sphus)

Variables L C R
Intercept 2.2653180 3.2653180 4.2653180
Austria -0.3033773 -0.3033773 -0.3033773
Germany -0.5294008 -0.5294008 -0.5294008
Italy -0.5845596 -0.5845596 -0.5845596
France -0.4602619 -0.4602619 -0.4602619

Table 8: Fuzzy regression (Dependent variable: fuzzy sphus)

Support lower Core lower Core upper Support upper
Austria -0.3775 -0.3775 -0.2283 -0.2283
Germany -0.5869 -0.5869 -0.4767 -0.4767
Italy -0.6480 -0.6480 -0.5239 -0.5239
France -0.5217 -0.5217 -0.4025 -0.4025

Table 9: Support and core sets of the fuzzy confidence intervals at 95% by the bootstrapped method
for the regression coefficients given in Table (8) (sphus)
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