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Hippocampus surface data in the ADNI study

The Alzheimer’s Disease Neuroimaging Initiative (ADNI) study
aims to test whether MRI, PET, other biological biomarkers,
clinical and neuropsychological assessments can be combined to
measure the process of normal ageing to early mild cognitive
impairment, to late mild cognitive impairment, to dementia or
Alzheimer’s disease (AD).1

Traditional ways to test cognitive impairment is the Mini-Mental
State Examination (MMSE), which has been widely used to
screen for dementia.

Range of MMSE: 0-30.
20-24: mild cognitive impairment.
<20: moderate and severe dementia.

1https://ida.loni.usc.edu
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Hippocampus surface data in the ADNI study (Cont’d)

In our study, we analysed the hippocampus substructure
extracted from the baseline T1-weighted MRI scans from the
ADNI data set.

Hippocampal atrophy is detectable 3 to 5 years before diagnosis,
which indicates that early diagnosis and intervention of
Alzheimer’s disease is possible. Since early treatment could
improve quality of life and minimise disease-related
complications (Santacruz and Swagerty, 2001).

It is shown that MRI-based measures of atrophy for the
hippocampus are strongly correlated with declining cognitive
performance, which suggests that the hippocampus can serve as
the biomarker of AD (Thompson et al. 2004).
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Hippocampus surface data in the ADNI study (Cont’d)

Recent studies have shown that surface-based analysis may offer
some advantages over other measures (such as volume).

We employed the surface fluid registration-based hippocampal
subregional analysis package, which left two holes at the front
and the back of the hippocampus, and represented the
hippocampus as a cylinder, which can be conformally mapped to
a rectangle.

As a result, the original 3D surface registration problem
degenerated into a 2D surface registration problem.

We used radial distance as the outcome measure since it is linked
powerfully with the MMSE score at both baseline and follow-up.
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Hippocampus surface data in the ADNI study (Cont’d)

Figure 1: Steps involved in 3D hippocampal surface modeling.2

2Image credit: Thompson et al (2004). Neuroimage, 22(4), 1754-1766.
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Functional Linear Quantile Regression in RKHS

Y ∈ R: scalar response. X = (X(t), t ∈ T ): a square integrable
random field over a compact domain T ⊆ R2.

QY|X(·|X): the conditional quantile function of Y given X.

τ ∈ (0, 1): quantile level of interest.

η0(X) = QY|X(τ |X): the conditional quantile of Y given X at
level τ .

We assume that the conditional quantile is a linear functional of
X,

η0(X) = α0 +

∫
T

X(t)β0(t) dt,

here α0 ∈ R is the intercept, and β0(·) is an unknown function
which will be referred to as the slope function.
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Functional Linear Quantile Regression in RKHS (Cont’d)

Let ρτ (u) = u{τ − I(u < 0)} be the check loss function. Then
η0(X) minimises the expected loss

ℓ∞(η) = E{ρτ (Y − η(X))},

where minimisation is over all η that has the form
η(X) = α+

∫
T X(t)β(t) dt.

Given an i.i.d. sample from the joint distribution of (X,Y),
denoted as {(Xi,Yi)}n

i=1, define the empirical risk function as

ℓn(η) =
1
n

n∑
i=1

ρτ (Yi − η(Xi)) .

.

It is obvious that ℓ∞(η) = E{ℓn(η)}.
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Regularised estimation

Since minimisation of the empirical loss function over all η with
the form η(X) = α+

∫
T X(t)β(t) dt may lead to overfitting, we

adopt the regularised estimation technique well-known in the
smoothing spline literature.

We first define a quadratic penalty functional of the slope
function β.

For a fixed integer r > 1, the thin-plate penalty functional of
order r is defined as

J(β) =
∑
|m|=r

r!
m!

∥Dmβ∥2
L2(T ). (1)

here m = (m1,m2)
⊤ ∈ N2

0 are multi-index of non-negative
integers. Dm = Dm1

1 Dm2
2 the differential operator of order

|m| = m1 + m2, and m! = m1!m2!.
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Regularised estimation

Based on (1), the regularised estimators of the intercept α0 and
the slope function β0 are defined as the solution to the following
penalised empirical risk minimisation problem,

(α̂, β̂) = argmin
α∈R,β∈L2(T )

1
n

n∑
i=1

ρτ

(
Yi−α−

∫
T

Xi(t)β(t) dt
)
+λJ(β),

(2)
where λ is a penalty parameter that controls the trade-off
between the fidelity to the data and roughness of function
estimation.
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The representer theorem

Set H = {β ∈ L2(T ), J(β) < ∞}. Let H0 = {β : J(β) = 0} be
the null space of the quadratic functional J and assume that H0 is
a finite-dimensional linear subspace of H with basis
{ξk : 1 ≤ k ≤ m}. Consider the direct sum decomposition
H = H0 ⊕H1. The space H1 is a reproducing kernel Hilbert
space with J(β) a well-defined squared norm restricted in H1.
Denote by K1(·, ·) the reproducing kernel of H1.

The following representer theorem suggests that it suffices to
search for the minimiser within a finite-dimensional space.

Theorem 1

There exist vectors e = (e1, . . . , em)
⊤ and c = (c1, . . . , cn)

⊤ such
that:

β̂(t) =
m∑

k=1

ekξk(t) +
n∑

i=1

ci

∫
T

K1(s, t)Xi(s) ds. (3)
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The representer theorem

According to Theorem 1, we need only to search over β’s with
the expression given on the right-hand side of (3) when solving
(2).
For such β’s,∫
T

X(t)β(t)dt =
m∑

k=1

ek

∫
T

X(t)ξk(t)dt+
n∑

i=1

ci

∫
T

∫
T

X(s)K1(s, t)Xi(t) dsdt.

Let T be the n × m matrix with

Tik =

∫
T

Xi(t)ξk(t) dt,

where i = 1, . . . , n and k = 1, . . . ,m. Denote by Σ the n × n
matrix with its (i, j)th entry being

Σij =

∫
T

∫
T

Xi(s)K1(s, t)Xj(t) dsdt.
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The representer theorem

The reproducing property of K1(·, ·) leads to

J(β) =
n∑

i=1

n∑
j=1

cicj

∫
T

∫
T

Xi(s)K1(s, t)Xj(t) dsdt = c⊤Σc.

Therefore, problem (2) reduces to minimise the following
objective function with respect to α ∈ R, e ∈ Rm and c ∈ Rn,

1
n

n∑
i=1

ρτ (Yi − α− Tie −Σic) + λc⊤Σc, (4)

where Ti and Σi are the ith rows of matrices T and Σ,
respectively.
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Theoretical properties

Before presenting our main results on the asymptotic properties of the
regularised estimator, we first would like to show

Assumptions on the covariance function of the predictor random
field X(·).
Properties of the check loss function ρτ (·).
Smoothness assumptions on the unknown slope function β(·).
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Assumptions on the covariance function of the predictor
random field X

The sample path properties of the random field X(t) is
determined by its covariance function C.

Denote the covariance function of the random field X(t) by

C(t, t′) = E([X(t)− E{X(t)}][X(t′)− E{X(t′)}]).

We assume that C is continuous on T × T and satisfies∫
T C(t, t) dt < ∞.

Since the covariance function C is a positive definite, there is a
unique reproducing kernel Hilbert space (RKHS), denoted as
HC, with C as its reproducing kernel.
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Covariance function of the predictor random field X

Assumption 1

For some constant s > 1, HC is isomorphic to Ws
2(T ) ∩ C(T ).

Two metric spaces are said to be isomorphic if the two sets
coincide and the norms of the two spaces are equivalent.

We use Ws
2(T ) ∩ C(T ) to denote the set of the continuous

representatives of functions in the Sobolev space Ws
2(T ),

equipped with the Sobolev norm.
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The check loss function

Denote W = Y − η0(X) and ∆ = η(X)− η0(X). Applying Knight’s
identity with u = W and v = ∆ and taking expectation, we obtain that

ℓ∞(η)− ℓ∞(η0) = Eη0

[∫ ∆

0
{FW|X(w|x)− τ} dw

]
. (5)

Here FW|X(w|x) denote the conditional distribution of W given X.

Assumption 2

There exist constants C1 and C2 such that

|FW|X(w|x)− FW|X(0|x)| ≥ C1|w|, for |w| ≤ C2, all x

Assumption 2 guarantees that the conditional distribution cannot be
too ‘flat’ at the quantile of interest.
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The asymmetric Laplace distribution

Assumption 3

For any square integrable function f defined on T ,

E
[∫

T
X(t)f (t) dt

]4

≤ C3

(
E
[∫

T
X(t)f (t) dt

]2)2

.

Assumption 3 essentially requires that the kurtosis of the random
variable

∫
T X(t)f (t) dt is uniformly bounded for all square integrable

f . It is valid with C3 = 3 when X is a Gaussian process.
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The unknown slope function

Assumption 4

For some r > 1, β0 ∈ Wr
2(T ) ∩ C(T ).

Note that H = Wr
2(T ) ∩ C(T ), equipped with the norm

∥f∥H = ∥f∥Wr
2
, is an RKHS.
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Rates of convergence

We take a prediction perspective to evaluate the performance of
the regularised estimator.

Let X∗ = (X∗(t), t ∈ T ) be an independent copy of X, which can
be interpreted as a future observation of the predictor random
field X.

Then η̂(X∗) = α̂+
∫
T X∗(t)β̂(t) dt is a prediction of the true

conditional quantile η0(X∗) = α0 +
∫
T X∗(t)β(t) dt when the

functional predictor is X∗. We define the expected squared
prediction error (PE) as

PE(η̂) = EX∗ {η̂(X∗)− η0(X∗)}2 , (6)

Under assumption E(X(t)) = 0, we have

PE(η̂) = (α̂−α0)
2+EX∗

{∫
T

X∗(t)β̂(t) dt −
∫
T

X∗(t)β0(t) dt
}2

.

(7)
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Rates of convergence: Definition

The PE defined in (7) can be expressed using the norm induced
by the inner product, which uses the covariance function of X. It
is easy to see that

PE(η̂) = (α̂− α0)
2 + ∥β̂ − β0∥2

C.

To simplify the presentation of our theoretical results and the
proofs, throughout the rest of this section, we assume that
α0 = 0 and remove the α term in the definition of the estimator
in (2). Under this simplification, PE(η̂) reduces to ∥β̂ − β0∥2

C.
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Rates of convergence: Minimax lower bound

Theorem 2

Fix B > 0. If Assumptions 1, 2 and 4 hold, we have that

lim
a→0

lim
n→∞

inf
β̃

sup
β0∈H:∥β0∥H≤B

P(∥β̃ − β0∥2
C ≥ an−(r+s)/(r+s+1)) = 1,

where the infimum is taken over all possible estimators β̃ based on the
observed data {(Xi,Yi) : 1 ≤ i ≤ n}.

Theorem 2 gives the minimax lower bound of convergence. It says
that, with high probability, for any estimator β̃, one can always find a
β0 ∈ B with ∥β0∥H ≤ B such that ∥β̃ − β0∥2

C converges to zero at a
rate that cannot be faster than n−(r+s)/(r+s+1).
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Rates of convergence: Minimax upper bound

Theorem 3

Fix B > 0. Suppose Assumptions 1, 2, 3 and 4 hold true, and
λ = O(n−(r+s)/(r+s+1)). We have that

lim
A→∞

lim
n→∞

sup
β0∈H:∥β0∥H≤B

P(∥β̂ − β0∥2
C ≥ An−(r+s)/(r+s+1)) = 0.

Theorem 3 gives the minimax upper bound of convergence rate of the
regularized estimator β̂ of the slope function, as defined in (2). It says
that ∥β̂ − β0∥2

C goes to zero in probability at a rate not slower than
n−(r+s)/(r+s+1).
Since the minimax upper bound matches the lower bound, we say that
our regularised estimator achieves the optimal rate of convergence.
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Implementation: Interior point algorithm
We rewrite the problem (4) as follows:

argmin
α,e,c

n∑
i=1

ρτ (Yi − α− Tie −Σic) + λ′ c⊤Σc,

subject to [T⊤
1 ,T⊤

2 , . . . ,T⊤
n ]c = 0M×1, i = 1, . . . , n,

(8)

where λ′ = nλ. Denote Yi − α− Tie −Σic = εi. We can write

εi = ui − vi; ui = max(0, εi) = |εi|I(εi > 0),
vi = max(0,−εi) = |εi|I(εi < 0).

(9)

As a consequence, we can rewrite (8) as the following quadratic
programming problem:

argmin
u,v,c

τu⊤1 + (1 − τ)v⊤1 + λ′c⊤Σc

subject to Yi − α− Tie −Σic = ui − vi,

ui ≥ 0, vi ≥ 0, i = 1, . . . , n,

[T⊤
1 ,T⊤

2 , . . . ,T⊤
n ]c = 0M×0.

(10)

where u = [u1, . . . , un]
⊤, v = [v1, . . . , vn]

⊤, and 1 = [1, . . . , 1]⊤ are n × 1
column vectors.
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Implementation: Interior point algorithm

In order to transform (10) into a standard form of quadratic programming, we further introduce 6 slack variables, defined as
α+ = max(0, α), α− = max(0,−α), e+ = max(0, e), e− = max(0,−e), c+ = max(0, c),
c− = max(0,−c). Let

x = [α
+
, α

−
, e+, e−, c+, c−, u, v]⊤,

b = [01×1, 01×1, 01×M , 01×M , 01×n, 01×n, τ11×n, (1 − τ)11×n]
⊤
,

Σ̃ =


04×4 04×1 04×1 04×2
01×4 2λ′Σ 2λ′Σ 01×2
01×4 2λ′Σ 2λ′Σ 01×2
02×4 02×1 02×1 02×2

 ,

A =

[
1n×1 −1n×1 [T1, . . . , TM ] −[T1, . . . , TM ] [Σ1, . . . ,Σn] −[Σ1, . . . ,Σn] In×n In×n
0M×1 0M×1 0M×M 0M×M [T1, . . . , TM ]⊤ −[T1, . . . , TM ]⊤ 0M×n 0M×n

]
,

Ỹ = [Y1, . . . , Yn, 01×M ]
⊤

Then the problem (10) becomes:

argmin
x

1

2
x⊤Σ̃x + b⊤x

subject to Ax = Ỹ, x ≥ 0,
(11)

which is a quadratic programming problem in the standard form.
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Penalty parameter selection

A properly chosen penalty parameter λ is critical to balance the
data fidelity and smoothness of the regularised estimator.

We decided to use the multifold cross-validation proposed by
Zhang (1993), which can avoid the heavy computation of
leaving-one-out cross validation and does not rely on the
approximations of GACV.

We first divide the n observation cases into k validation sets
Z1, . . . ,Zk of (roughly) the same size. Then define the k-fold
cross-validation criterion as

CV(λ) =
1
n

k∑
j=1

∑
i∈Zj

ρτ

(
Yi −

∫
T

Xi(t, s)β̂[−Zj]
λ (t, s) dtds

)
,

(12)
where β̂

[−Zj]
λ (t, s) is the parameter estimate based on the

observations that exclude Zj. The common choice is k = 5 or 10.
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Application to hippocampus surface data in the ADNI study

We observed that the MMSE score has a left-skewed
distribution, suggesting that a model focusing on the conditional
mean may be not ideal.

Applying the popular log transformation on the MMSE score
before fitting the conditional mean is not appropriate, since if the
original data is left-skewed, then the log transformation will
make the original data more left-skewed (Changyong et al,
2014).

We standardised individual MMSE scores so that they have a
sample mean 0 and standard deviation 1. The standardisation has
changed the range of the MMSE score from (6, 20) to
(−3.4852, 1.4006).
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Application to hippocampus surface data in the ADNI study

We set the the (standardised) MMSE score as the response
variable, and the two-dimensional hippocampus image as the
covariate.

The data set contains 798 subjects which belong to three groups,
namely, individuals who have AD or Mild Cognitive Impairment
(MCI), and healthy controls.

Here we only report results of analysing the healthy controls
(denoted as the normal group). A similar analysis has been done
for other groups but results are not shown to save space. The
normal group has a sample size of n = 224. Our focus was on
the right hippocampal surface.
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Application to hippocampus surface data in the ADNI study

We compared our method with the one based on the following
least squares problem:

(α̂LS, β̂LS) = argmin
α∈R,β∈L2(T )

1
n

n∑
i=1

(
Yi−

∫
T

Xi(t)β(t) dt
)2

+λJ(β),

(13)
where λ is a penalty parameter that controls the trade-off
between the fidelity to the data and roughness of function
estimation. We name β̂LS as the FLR (functional linear
regression) estimate.

The penalty parameter was selected using the 5-fold
cross-validation. We found that both FLQR and FLR are not
very sensitive to the choice of λ within certain range.
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Application to hippocampus surface data in the ADNI study
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Figure 2: Heatmaps of estimated slope surfaces β̂(t1, t2) by applying the
FLR and FLQR on the normal group in the hippocampus surface data.
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Application to hippocampus surface data in the ADNI study
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Figure 3: Plots of estimated slope surfaces β̂(t1, t2) as functions of t2 for
selected t1 by applying the FLR and FLQR on the normal group in the
hippocampus surface data.

Peng Liu (Loughborough University) FLQR on a Two-dimensional Domain 7 October 2025 31/39



Application to Adelaide electricity demand dataset

This data contains half-hourly electricity demands from 6 July
1997 to 31 March 2007 (508 weeks, 3556 days) in Adelaide,
Australia. In the meantime, the half-hourly temperatures
measured at Adelaide airport are recorded.

Adelaide city has a Mediterranean climate, with warm-dry
summers and cool-mild winters.

The temperature in the summer is subject to the thermal inertia
phenomenon, which means the temperature will increase over
consecutive days, then drop below the average, and then increase
steadily again.

Cooling mainly depends on air-conditioning, which results in
high electricity demand, especially when the temperature is high.

Here we want to study the dependent association between
electricity demand and temperature, so that it can be beneficial to
electricity supply management.
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Data construction

We construct the covariates as follows: We consider a
two-dimensional domain, denote as T × S, where
t ∈ T = {1, 2, . . . , 48} denotes the 48 half-hourly time points
during a whole day, starting from the midnight,
s ∈ S = {1, 2, . . . , 28} stands for the days in every four weeks,
starting from 6 July 1997. In this way, we create 127
two-dimensional functional images.

For the response, we take the mean temperature within each
48 × 28 data point, which leads to 127 discrete points, the plots
of bifortnightly mean temperature in Adelaide from 6 Jul 1997 to
31 March 2007 are shown in Figure 5, where the left Figure
shows the plots according to chronological order, and right
Figure shows the histogram plot. From the histogram plot, we
can see that the response is right-skewed.
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Figure 4: Typical electricity demand surface plot in four seasons.
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Figure 5: Plots of bifortnightly Mean temperature in Adelaide from 6 Jul
1997 to 31 Mar 2007.
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We compare our methods with the one based on the following
least squares problem:

(α̂LS, β̂LS) = argmin
α∈R,β∈L2(T )

1
n

n∑
i=1

(
Yi−

∫
T

Xi(t)β(t) dt
)2

+λJ(β),

(14)
where λ is a regularisation parameter.

We calculate the parameter estimate when τ = 0.25, 0.5 and
0.75, and compare our results with the least squares problem
(14).

From the figure, we can see that the FLR model can not reflect
the seasonal impact on electricity demand, while the FLQR can
provide a better and comprehensive picture in understanding the
relationship between temperature and electricity demand.
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Figure 6: Parameter estimates under FLR and FLQR, surface plot, nonlinear
effect.
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In this article, we study the scalar-on-function quantile
regression model where the functional predictor is defined over a
two-dimensional domain.

We prove that the proposed regularised estimator achieves the
minimax optimal convergence rate in terms of prediction risk.
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Thank you!

Reference: Nan, Zhang, Peng, Liu∗, Bei, Jiang, Linglong, Kong and Jianhua
Z., Huang (2024). Functional Linear Quantile Regression on a

Two-dimensional Domain. Bernoulli. 30: 1800-24.3

If you have any further questions, please send an email to me at
P.Liu4@lboro.ac.uk

3∗ indicates the corresponding author
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