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Introduction
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CONGRESS reate Samp|es

» Probability samples: valid inferences even for small samples
(invoking models) due to known sampling design (Sarndal et
al., 1992).

» Non-probability samples: cheaper, bigger samples but their col-
lection mechanism is unknown (Beaumont, 2020).
Naive applications lead to biased estimates (Meng, 2018).
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Variables
Datasets | y ‘ X
U v
A v v
B v v

Here

U — a finite population;

A — a probability (reference) sample;

B — a non-probability sample;

y — a binary study variable;

x = (x, . x(MY — m 41 auxiliary variables.

We aim to estimate the population total
N

ty=> Yk
k=1
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IPW estimator and it's variance estimators

IPW estimator
Variance estimator under the randomized propensity scores

Variance estimator based on asymptotic variance
Bootstrap variance estimator
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The random binary variable Ry with observed value ry, where

1 if ke B,
re =
0 otherwise

describe inclusion of the unit kK € U to the non-probability sample.
The probability 7 = P(Rx = 1 | X4, yk) called a propensity score
describes the probability that k € U belongs to the non-probability

sample B.

A set of assumptions is used for modeling of the propensity scores.
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(A1) P(Rk =1|xk,yx) = P(Rk = 1| xk), k €U;

(A2) m, >0, kel

(A3) P(Rk =1,R = 1| x4, %)) = P(Re = 1 | xx)P(Ri = 1] x).
)

(A4) the components of the auxiliary vectors x, . . ., x,y are uniformly
bounded, and the matrix X = (x],...,x)) is of a full rank.

Remark. Poisson pseudo-sampling design may approximate collec-
tion of the non-probability samples if (A2) and (A3) hold.

A parametric logistic regression model is applied for estimation of
the propensity scrores:

. _exp{x B}
T = m(Xk, B) = T onix B (XA} kel.
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CONGRESS reate (IPW) estimator

The ML estimators of the propensity scores are obtained
%xzﬂ(xk7BN)7 kelu.

Taking the pseudo-weights w; = 1/7}, the Hajek estimator

n N . ~ ~
tB:ﬁZkak’ where N = Zka
keB keB

is the IPW estimator.
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It is proven in Fahrmeir and Tutz (2001) that, for ML estimator of

the logistic regression model By and bounded auxiliary variables,

the random variable v/N(B) — B) converges in distribution to

Z ~ Nm+1(0,V(B)) for specified variance-covariance matrix V.

It follows from here that for large N, the parameter vector 8 can
be approximated by the values of the normally distributed random
vector

b(B\N) ~ Nm—i—l(B\N? V(BN))

~

with the density function denoted further by o(By)-

Plugging in the value of the approximating vector b(EN) into the
logistic regression model, we get the values 7 approximating the
true propensity scores 7, k € U.
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The IPW estimator tg of the total t, is influenced by two dependent
random components caused by the non-probability sample collection
process:

lS’ WoRLD 20 Two random components [ s

» effect of the pseudo inclusion indicators Ry, k=1,..., N

» and effect of uncertainty in ML estimator BN acting on the
estimated pseudo-weights and estimator of total.

The distribution of element pseudo-inclusion indicators is considered
as a Poisson pseudo-sampling design. It will be denoted by q(-).

The distribution of BN, as well as the parameter S itself, is approx-
imated by the multivariate normal distribution of b(3y). It will be
denoted by (.
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CONGRESS reate estimator (l)

For a fixed model ¢, the estimator g is approximately unbiased, and
its approximate variance is

N
AVarg(tg | () = Z (

) (vk — My)Q-

kIC

This variance can be estimated by

Va7q<%3|<)=z<$_1)w

keB \Tk|¢
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Taking into account two random components, we can write the
anticipated variance

Val’(q(lt\'B) = VargEq(fB | C) + EC Varq(fB | (:) = EgAVarq(fB | C)

Note that Z = E¢Varg(tg | ) means the expectation with respect
to the multivariate normal distribution with the density ¢(8,) and
can be written as the integral and next approximated:

T EVarg(ia |0)= [ AVarg(is | O)¢(Bu)dBn.

m+1
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CONGRESS reate estimator (I | I)

To evaluate the integral, we apply the Monte—Carlo approximation
R J
Varcg(ts) =7 = = Z arg(ts | BY)(By))

for a big number J. Here the term Var,(ig | bBY)(By)) is the

variance estimator of Vargy(tg | ¢) with the propensity scores %,to)

k € U, obtained by inserting the jth simulated value b(j)(ﬁ,\,) into
the logistic regression model.
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Chen et al. (2020) use the asymptotic variance to build a plug-in
estimator of Var(tg) = Var¢(tg), where the subscript ¢ indicates the
variance with respect to the model. Due to the completely known
auxiliary data, their variance estimator is simplified (Burakauskaité
and Ciginas, 2023):

2
t N
Varf ig) Z(l Ak)<)/k te/ '2 k> ;

keB

where

-1

b, — {Z (7% - 1) - %B/N>x'k}{z A1 %;)xkx;} |

keB keu

given the non-probability sample B.
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‘ Compute the ML estimates EN and 7}, kel

For I =1,...,L simulate b(EN) using the estimates 7, k € U. Calculate
i, k €U, using b(By) in place of B. Repeat the pair (yi, 7;), [1/7%]
times for all k € B to create, U".

Ford=1,...,D draw U* from {(y«,7}), k € B} using the Poisson
sampling design with inclusion probability 1/7; — |1/7 | for the
kth pair. Create U* =UT VU™ = {(¥,,7}), k € U*}.

For t =1,..., T draw the bootstrap sample B* independently with
probabilities 7} from /*, compute the bootstrap estimate 3.

~ 2
Calculate V; = 3", (f;(t) — Eg) /(T — 1), where
- T ax
th=D> B/ T.

Calculate the estimate Vpr = 25;1 V;r/D.

—~ % —_— . ~
Calculate the estimate Var (tg) = Zlel Vipr/L of the variance Var(1z) for
IPW estimator.
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Composite estimator and estimation ot its MSE
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Denote by

I = 1 if ke A,
kK 0 otherwise

the indicator variable describes selection of the unit k € U to the
probability sample A. The inclussion probabilities 7, = P(lx = 1),
k € U are known.

Let us define any design-based estimator

ta= > wiyk

keA

of the total using or not some auxiliary information, which is (ap-
proximately) unbiased with respect to the sampling design p(-).
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We consider the composite estimator
ty, =t;(a) = atg + (1 — a)ta

of the total with the coefficient 0 < o < 1 minimizing the mean
squared error (MSE) of the estimator £7(a). Due to the indepen-
dence of the estimators t4 and tg and assuming that the estimator
ta is unbiased, the MSE can be expressed as

MSE(E(a)) = o? MSE(tg) + (1 — a)* Var(1a),

where MSE(tg) = Var(tg) + (Bias(ig))?.
Its minimum value is attained at
o Var(iA.“A)
- Var(%A) + MSE(II\‘B)

and has to be estimated from the available data.
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Since E(ta) = t,, then the bias estimator

lS’ WA 20 Data integration through the linear i e

B/izs(%s) = i‘B — %A
for tg is at least approximately unbiased with the variance
Var(Bias(tg)) = Var(ig) + Var(La).
The optimal weight for the linear composition:
_ Var (a)
Qp = =——— —— — —.
Varp(ta) + Var(tg) + (tg — ta)?

Then we obtain the composite estimator

%}f = Z‘;(@o) = aof‘B + (1 - ao)%A
of the population total, and estimate its MSE using
MSE (k) = ao (Var(is) + (ts — a)?) .
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U is the pseudo-real population of size N = 13874 constructed
from three data sets:

» The Information and Communication Technology survey with a
binary study variable y indicating whether the company has a
website and auxiliary variables, such as the number of employees
x| NACE activity indicators x®), ..., x(m);

» Web-scraped data to get the values of the auxiliary variable
1.
X 1

» Private company data (non-probability sample) with values of
the study variable y.
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The logistic regression model is applied to estimate the propensity scores, which

are used further as Poisson sample selection probabilities.
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Two versions of probability sample A are considered:
Al SSRS of 3091 elements;

A2 SSRS of 1052 elements.
Two versions of non-probability sample B are considered:

B1 Poisson sample of expected sample size equal to 7750;
B2 SSRS of 7742 elements (5 strata by the number of employees).
Three combinations of samples are considered:
Case 1: Al and B1I;
Case 2: A2 and B1,;
Case 3: A2 and B2.
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‘ For each case, 1000 MC simulations were done. In each of them:

Three logistic regression models of different quality levels (strong, weak,
poor) are constructed to estimate the propensity scores.

Estimator #5 of t, and three estimators of the variance Var(#g) (smooth,
Chen et. al., bootstrap) are calculated.

The regression estimator 4 based on the auxiliary variable x(!) is
estimated.

The composite estimators of t, are calculated using each of the
estimates of the variance Var(iz).

‘ The naive estimator NZkeByk/NB is calculated. ‘

‘ Hajek estimator %,:’ is estimated. ‘

The estimators of the variance Var(#g) and population total t, are graphically
overviewed.
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Figure 1: Variance estimates for the estimator tg in Cases 1 and 2.
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Figure 2: Variance estimates for the estimator g in Case 3.
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Figure 3: Estimates of the population total t, in Case 1.
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Figure 4: Estimates of the population total t, in Case 3.
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» The assumption of an independent entry of elements into the
non-probability sample with probabilities estimated by the propen-
sity scores from the logistic regression model is well-suited for
guessing the probabilistic nature of non-probability sample. The
level of success depends on the covariates available for the
model construction.

» The composite estimator with the bias component included in
its coefficients gives nearly unbiased estimates in the case of
any logistic regression model for the propensity scores.

P It is not enough to assign a probabilistic sample pseudo-selection
mechanism for a non-probability sample. One should also con-
sider the possible randomness in this mechanism, as it is done
for the proposed smooth estimator of variance.
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